
Îêîëî òåîðåìàòà íà ÍàïîëåîíÂëàäèìèð �åîðãèåâ, Îëåã Ìóøêàðîâ
1 Òåîðåìàòà íà Íàïîëåîí-ìàëêî èñòîðèÿÈçâåñòíî å, ÷å Íàïîëåîí å áèë ëþáèòåë íà åëåìåíòàðíàòà ìàòåìàòèêà è å ïîçíàâàëðåäèöà èçâåñòíè ìàòåìàòèöè. Íàïðèìåð, íåãîâ ïðèÿòåë å áèë èòàëèàíñêèÿò ìàòåìà-òèê Ëîðåíöî Ìàñêåðîíè, êîéòî ïðúâ ðàçãëåæäà çàäà÷è çà ãåîìåòðè÷íè ïîñòðîåíèÿ,èçïîëçâàùè ñàìî ïåðãåë. Èíòåðåñíà çàäà÷à íà Íàïîëåîí â òàçè íàñîêà å äà ñå ïîñòðîèöåíòúðúò íà äàäåíà îêðúæíîñò ñàìî ñ ïåðãåë. Òóê íÿìà äà ñå ñïèðàìå íà íåéíîòîðåøåíèå, à ùå îòáåëåæèì ñàìî, ÷å ïî âðåìåòî íà �åíåñàíñà (1300ã.-1600ã.) ïîäîáíèçàäà÷è ñà âúçíèêâàëè îò ÷èñòî ïðàêòè÷åñêè âúïðîñè. Åòî íÿêîëêî ïðèìåðà íà âàæíèèçîáðåòåíèÿ è îòêðèòèÿ îò òîçè ïåðèîä:

• Ìåõàíè÷íèÿ ÷àñîâíèê;
• Àðòèëåðèÿòà - ïúðâîòî îðúäèå çà èçñòðåëâàíå íà ðàêåòè å èçîáðåòåíî îò àíã-ëèéñêèÿ èíæåíåð Óèëÿì Êîíãðåèâ (1670 - 1729);
• Ïå÷àòíàòà ïðåñà - èçîáðåòåíà å îò Éîõàíåñ �óòåíáåðã ïðåç 1440 ã.;
• Êîìïàñà - çà ïúðâè ïúò å èçïîëçâàí îò êèòàéñêèÿ ïúòåøåñòâåíèê ×åíã Õå(1371-1435);
• Ìèêðîñêîïà - èçîáðåòåí å îò õîëàíäñêèÿ ìàéñòîð íà î÷èëà Õàíñ ßíñåí ïðåç 1590ã.;
• Òàïåòèòå - ïúðâàòà �àáðèêà çà õàðòèÿ å ïîñòðîåíà â Àíãëèÿ ïðåç 1496 ã.;
• Ïîäâîäíèöàòà - ïúðâèÿò ïðîåêò å íà Ëåîíàðäî äà Âèí÷è, íî çà ïúðâè ïúò ïîä-âîäíèöà å ïîñòðîåíà îò Êîðíåëèóñ âàí Äðåáåë ïðåç 1624 ã.;
• Êèáðèòà - îòêðèò å îò �îáåðò Áîéë ïðåç 1680 ã.;
• Î÷èëàòà - ïúðâèòå î÷èëà ñà ðàçðàáîòåíè îò èòàëèàíñêèÿ èçîáðåòàòåë ÑàëâèíîÄ`Àìàòå ïðåç 1284 ã.Âàæíîñòòà íà òåçè èçîáðåòåíèÿ è �àêòúò, ÷å òå ñúùåñòâåíî ñà ïðîìåíèëè ðåàëíèÿæèâîò íà õîðàòà îáÿñíÿâàò çàùî íÿêîè èçâåñòíè ìàòåìàòè÷åñêè çàäà÷è îò òîçè ïåðèîäñà ñâúðçàíè ñ ðåøàâàíåòî íà íîâè ïðàêòè÷åñêè ïðîáëåìè.Äðóã ïðèìåð å ñëåäíîòî ïðåäèçâèêàòåëñòâî íà Ï.Ôåðìà(1601-1665) êúì Å. Òîðè-÷åëè (1608-1647), èçîáðåòàòåëÿ íà áàðîìåòúðà: Äà ñå íàìåðè òî÷êà â ðàâíèíàòà íàäàäåí òðèúãúëíèê, çà êîÿòî ñóìàòà íà ðàçñòîÿíèÿòà è äî âúðõîâåòå íà òðèúãúëíè-êà å ìèíèìàëíà. Òîðè÷åëè äàâà íÿêîëêî ðåøåíèÿ íà òàçè åêñòðåìàëíà ãåîìåòðè÷íà1
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Modelling optical lenses with Dynamic Geometry Software 
Andreas Ulovec 

1 Introduction 
In optics when it comes down to show the path of rays of light through glass, lenses or systems of 
lenses, many physics teachers groan – the experiments are quite complex, and you need a lot of 
equipment. It is difficult enough to show a ray of light in air – you need smoke, dust or any other way 
of making light visible. To show the path of light in materials, you need special equipment – smoke 
glass lenses etc. Now that’s not always available, and adjustments to the system can usually only be 
done by removing one piece and putting another piece in. To see what happens if you make a lens 
thicker, you have to take out the current lens and put in the new one. Students can then observe the 
situation before the change and after the change – but it is not exactly a gradual change that lets them 
observe how the path of light actually changes. We want to demonstrate how you can show the path of 
light through a lens with the help of dynamic geometry software (DGS). 

This material can be useful for science teachers, who can use it to model experiments with lenses, 
reflection and refraction – not instead of the actual experiment (if one sees experiments only in 
simulation, the pedagogic value is not quite the same), but complementing it. It can as well be useful 
for mathematics teachers. Well, now where is the mathematics? There is a lot of it in there! If a ray of 
light hits the glass surface of an optical lens, a part of it gets reflected back in a certain angle, and 
another part penetrates the glass and continues there, in another angle. The same happens when the 
light reaches the other surface of the lens – again mathematics is required to calculate the angle in 
which the light is reflected and refracted. For ideal lenses, there is an easy equation calculating these 
effects – but this is just a model, and it does work well only with thin lenses and with light falling in 
near the centre of the lens. With thicker lenses and light being more off-centre, the calculations 
become more complex, and from the equations alone it would be difficult to see what happens. With 
DGS it is possible to simulate the properties of a lens without actually having to use a lens, laser light, 
etc. But even for the DGS, we need mathematics to create the simulation in the first place. 

2 Easy beginnings – light hits a plane surface 
2.1 Reflection 
When a ray of light hits a plane glass surface, a part of it is reflected. The law of reflection says that 
the angle of incidence (between the ray of light and the normal) is equal to the angle of reflection: 

 
Fig.1 Reflection of light at a plane surface. 



2çàäà÷à. Â åäíî îò òÿõ òîé îòáåëÿçâà, ÷å îêðúæíîñòèòå, îïèñàíè îêîëî ðàâíîñòðàííèòåòðèúãúëíèöè, ïîñòðîåíè âúíøíî âúðõó ñòðàíèòå íà òðèúãúëíèêà ñå ïðåñè÷àò â åäíàòî÷êà, êîÿòî äàâà ðåøåíèå íà çàäà÷àòà. Â ñúâðåìåííàòà ìàòåìàòè÷åñêà ëèòðàòóðàòàçè òî÷êà ñå íàðè÷à òî÷êà íà Òîðè÷åëè-Ôåðìà íà äàäåíèÿ òðèúãúëíèê.�åäèöà çàáåëåæèòåëíè ìàòåìàòè÷åñêè òâúðäåíèÿ ñå ïðèïèñâàò íà Íàïîëåîí Áîíà-ïàðò (1769-1821), âúïðåêè ÷å â èçâåñòíèòå íè èçòî÷íèöè âðúçêàòà ìó ñ òÿõ ñå ïîñòàâÿïîä âúïðîñ. Òðÿáâà äà ñå îòáåëåæè îáà÷å, ÷å ìàòåìàòèêàòà ðàçöú�òÿâà â ñëåäðåâî-ëþöèîííà Ôðàíöèÿ è ïî òîâà âðåìå ìàòåìàòèöèòå ñå ðàäâàò íà ãîëÿìî óâàæåíèå.Íàïðèìåð èçâåñòíèÿò ìàòåìàòèê Ëàïëàñ å áèë ìèíèñòúð íà âúòðåøíèòå ðàáîòè ïðèÍàïîëåîí.

Ôèãóðà 1: Òåîðåìà íà ÍàïîëåîíÑëåäíîòî òâúðäåíèå (èçâåñòíî êàòî òåîðåìà íà Íàïîëåîí) å òÿñíî ñâúðçàíî ñúñçàäà÷àòà íà Ôåðìà (âèæ [12℄), �îðìóëèðàíà ïî-ãîðå.Òåîðåìà 1.1. Âúðõó ñòðàíèòå íà òðèúãúëíèê ñà ïîñòðîåíè âúíøíî (âúòðåøíî) ðàâ-íîñòðàííè òðèúãúëíèöè. Äà ñå äîêàæå, ÷å òåõíèòå öåíòðîâå ñà âúðõîâå íà ðàâíîñ-òðàíåí òðèúãúëíèê.Íàèñòèíà å èçíåíàäâàùî, ÷å âèäúò íà ïîëó÷åíèÿ òðèúãúëíèê íå çàâèñè îò âèäà íàïúðâîíà÷àëíèÿ òðèúãúëíèê. Íî òîé çàâèñè îò âèäà íà ïîñòðîåíèòå âúðõó ñòðàíèòåòðèúãúëíèöè�òîé å ðàâíîñòðàíåí âèíàãè êîãàòî ïîñòðîåíèòå òðèúãúëíèöè ñà òàêèâà.Ñúîòâåòíèÿò Geogebra �àéë ìîæå äà ñå íàìåðè â ñëåäíèÿ ëèíê Òåîðåìà íà Íàïîëåîí.Òîâà å íàøàòà èçõîäíà òî÷êà, êàòî ãëàâíàòà íè öåë å ðàçðàáîòâàíåòî íà êîíêðåòíèäèäàêòè÷íè ìàòåðèàëè (íà áàçàòà íà ñèñòåìàòà Geogebra), êîèòî ìîãàò äà ñå èçïîëçâàòâ:
• êóðñîâå çà ïîäãîòîâêà è ïîâèøàâàíå íà êâàëè�èêàöèÿòà íà íàñòîÿùè è áúäåùèó÷èòåëè ïî ìàòåìàòèêà;
• êëàñíàòà ðàáîòà.Íàøèÿò èíòåðåñ êúì òåîðåìàòà íà Íàïîëåîí å ïðåäèçâèêàí è îò �àêòà, ÷å òÿ íå åìíîãî èçâåñòíà ñðåä èòàëèàíñêèòå ó÷èòåëè ïî ìàòåìàòèêà.
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• âìåñòî òðèúãúëíèöè ñå ðàçãëåæäàò ÷åòèðèúãúëíèöè.Â ïúðâèÿ ñëó÷àé îòãîâîðúò áåøå íàìåðåí áúðçî ñ ïðèëàãàíå íà ñèñòåìàòà Geogebra(âèæ Ôèãóðà 2),êîÿòî ìîæå äî ñå àêòèâèðà ÷ðåç ñëåäíèÿ ëèíê Òåîðåìà íà Íàïîëåîí ñ êâàäðàòè.Êàêòî ñå âèæäà, ïðè ïðèáëèæàâàíå íà òî÷êèòå B è A (âèæ Ôèãóðà 3) △ KLJ ñòàâàáëèçúê äî ïðàâîúãúëåí, òîåñò íå å ðàâíîñòðàíåí.Êàòî èçïîëçâàìå ñúùîòî ïðèëæåíèå âèæäàìå, ÷å ìåäèöåíòðîâåòå íà òðèúãúëíè-öèòå ABC è JKL ñúâïàäàò. Íàèñòèíà, ñëåäâàéêè ïîäõîäà îò Óïðàæíåíèå 5.2 èçðà-çÿâàìå êîìïëåêñíèòå ÷èñëà, ñúîòâåòñòâàùè íà òî÷êèòå L,K, J îò Ôèãóðà 3, êàêòîñëåäâà
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Ôèãóðà 2: Geogebra çàìåñòâà òðèúãúëíèöè ñ êâàäðàòè

Ôèãóðà 3: Geogebra êîíòðàïðèìåð çà îáîáùàâàíå íà òåîðåìàòà íà Íàïîëåîí,
• Ñúùåñòâóâàò ëè òðèúãúëíèöè ABC, çà êîèòî △ LKJ å ðàâíîáåäðåí è ïðàâîú-ãúëåí?Ïðåäíàòà äèíàìè÷íà êîíñòðóêöèÿ ñ Geogbra ïîäñêàçâà ñëåäíèÿ îòãîâîð:Ëåìà 2.1. Íå ñúùåñòâóâà △ ABC, çà êîéòî △ LKJ å ðàâíîáåäðåí è ïðàâîúãúëåí.Äîêàçàòåëñòâî. Äà äîïóñíåì, ÷å △ LKJ å ðàâíîáåäðåí è ïðàâîúãúëåí. Òîãàâà
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In optics when it comes down to show the path of rays of light through glass, lenses or systems of 
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glass lenses etc. Now that’s not always available, and adjustments to the system can usually only be 
done by removing one piece and putting another piece in. To see what happens if you make a lens 
thicker, you have to take out the current lens and put in the new one. Students can then observe the 
situation before the change and after the change – but it is not exactly a gradual change that lets them 
observe how the path of light actually changes. We want to demonstrate how you can show the path of 
light through a lens with the help of dynamic geometry software (DGS). 

This material can be useful for science teachers, who can use it to model experiments with lenses, 
reflection and refraction – not instead of the actual experiment (if one sees experiments only in 
simulation, the pedagogic value is not quite the same), but complementing it. It can as well be useful 
for mathematics teachers. Well, now where is the mathematics? There is a lot of it in there! If a ray of 
light hits the glass surface of an optical lens, a part of it gets reflected back in a certain angle, and 
another part penetrates the glass and continues there, in another angle. The same happens when the 
light reaches the other surface of the lens – again mathematics is required to calculate the angle in 
which the light is reflected and refracted. For ideal lenses, there is an easy equation calculating these 
effects – but this is just a model, and it does work well only with thin lenses and with light falling in 
near the centre of the lens. With thicker lenses and light being more off-centre, the calculations 
become more complex, and from the equations alone it would be difficult to see what happens. With 
DGS it is possible to simulate the properties of a lens without actually having to use a lens, laser light, 
etc. But even for the DGS, we need mathematics to create the simulation in the first place. 

2 Easy beginnings – light hits a plane surface 
2.1 Reflection 
When a ray of light hits a plane glass surface, a part of it is reflected. The law of reflection says that 
the angle of incidence (between the ray of light and the normal) is equal to the angle of reflection: 

 
Fig.1 Reflection of light at a plane surface. 
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6Óñëîâèåòî, ÷å △ LKJ å ïðàâîúãúëåí , îçíà÷àâà, ÷å (âèæ Óïðàæíåíèå 5.3)
j =

λ2 − iλ

1 + λ2
l +

1 + iλ

1 + λ2
k,êàòî λ > 0, àêî △ LKJ å îðèåíòèðàí â ïîëîæèòåëíà ïîñîêà (Ôèãóðà 4) è λ < 0 � âîáðàòíèÿ ñëó÷àé (Ôèãóðà 5). Îò ãîðíèòå ðàâåíñòâà ñëåäâà, ÷å

a− l = λ(j − l)è çíà÷è A ëåæè âúðõó ïðàâàòà JL. Àíàëîãè÷íî çàêëþ÷àâàìå, ÷å òî÷êàòà B å âúðõóïðàâàòà JK.Ïðåäëàãàìå íà ÷èòàòåëÿ äà äîêàæå îáðàòíîòî òâúðäåíèå.

Ôèãóðà 5: Ïðàâîúãúëíè òðèúãúëíèöè LKJ ñ îòðèöàòåëíà îðèåíòàöèÿ3 Äîêàçàòåëñòâî íà òåîðåìàòà íà Íàïîëåîí ñ êîìïëåêñíè÷èñëàÑåãà ñìå ãîòîâè äà çàâúðøèì äîêàçàòåëñòâîòî íà òåîðåìàòà íà Íàïîëåîí. Èçïîëçâàé-êè îçíà÷åíèÿòà íà Ôèãóðà 1 è Ëåìà 5.2, ïîëó÷àâàìå
l = w1b+ w2c, k = w1c+ w2a, j = w1a+ w2b, (3)êúäåòî

w1 =
z1 + 1

3
, w2 =

z2 + 1

3
.Îò òåçè ðàâåíñòâà ñëåäâà, ÷å ìåäèöåíòðîâåòå íà △ LKJ è △ ABC ñúâïàäàò, çàùîòîîò (11) è (3) ïîëó÷àâàìå,

l + k + j = a+ b+ c.
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7Áåç îãðàíè÷åíèå ìîæåì äà ïðåäïîëàãàìå, ÷å
a+ b+ c = 0, (4)êîåòî âëå÷å
l + j + k = 0.Íàøàòà öåë å äà ïîêàæåì, ÷å
l = z1j + z2k, (5)çàùîòî îò Ëåìà 5.1 ùå ñëåäâà, ÷å △ IGH å ðàâíîñòðàíåí. Îò äðóãà ñòðàíà, êàòîçàìåñòèì l, k, j îò ðàâåíñòâî (3) â (5), ïîëó÷àâàìå

−(z1w1 + z2w2)a+ (w1 − z1w2)b+ (w2 − z2w1)c = 0. (6)Ñðàâíÿâàéêè òîâà ðàâåíñòâî ñ (4), âèæäàìå, ÷å
−(z1w1 + z2w2) = (w1 − z1w2) = (w2 − z2w1)è êàòî âçåìåì ïðåäâèä ðàâåíñòâàòà

w1 =
z1 + 1

3
, w2 =

z2 + 1

3
, z1 + z2 = 1,çàêëþ÷àâàìå, ÷å å äîñòàòú÷íî äà ïðîâåðèì ðàâåíñòâàòà

−z2
1
− z2

2
− 1 = 1− z1z2 = 1− z1z2. (7)Òå ñà èçïúëíåíè, çàùîòî îò (10), ïîëó÷àâàìå

−z21 − z22 − 1 = z2 + z1 − 1 = 0, 1− z1z2 = 1− 1 = 0.Ñëåäîâàòåëíî ðàâåíñòâîòî (7) å èçïúëíåíî è òåîðåìàòà íà Íàïîëåîí å äîêàçàíà.4 Íÿêîè îáîáùåíèÿ íà òåîðåìàòà íà ÍàïîëåîíÒåîðåìàòà íà Íàïîëåîí èìà ðåäèöà îáîáùåíèÿ. Íàïðèìåð, ïîñòðîåíèòå òðèúãúëíèöèìîãàò äà èìàò ïðîèçâîëíà �îðìà, ò.å. äà ñà ïîäîáíè è åäíàêâî îðèåíòèðàíè. Òîãàâàòåõíèòå ìåäèöåíòðîâå îáðàçóâàò ïîäîáåí íà òÿõ òðèúãúëíèê. Â äåéñòâèòåëíîñò íå åíåîáõîäèìî äà ðàçãëåæäàìå ìåäèöåíòðîâåòå. Çà ïðîèçâîëåí △ ABC ðàçãëåæäàìå òðèâúíøíè òî÷êè A1, B1, C1 , çà êîèòî
∢AC1B + ∢BA1C + ∢CB1A = 360.Òîãàâà △ A1B1C1 å ïîäîáåí íà òðèúãúëíèê ñ úãëè

∢C1AB + ∢B1AC,∢C1BA+ ∢A1BC,∢A1CB + ∢B1CA.Äîêàçàòåëñòâîòî íà òîçè èíòåðåñåí �àêò ìîæå äà ñå íàìåðè íàïðèìåð â ([10℄, ñòð.178-181) è [4℄.Äðóãî èíòåðåñíî îáîáùåíèå å ïðåäëîæåíî îò Ñ. �ðåé [4℄ . Ñåãà êîíñòðóêöèÿòàñòàðòèðà ñ ïðîèçâîëåí îðèåíòèðàí n-úãúëíèê è ñå ðàçãëåæäà n-úãúëíèêúò, îáðàçóâàíîò öåíòðîâåòå íà ïðàâèëíèòå n-úãúëíèöè, ïîñòðîåíè âúíøíî íà íåãîâèòå ñòðàíè. �ðåéïîêàçâà, ÷å ñëåä ïîâòàðÿíå íà òàçè êîíñòðóêöèÿ n − 2 ïúòè ñå ïîëó÷àâà ïðàâèëåí n-úãúëíèê (òîé ìîæå è äà å çâåçäîîáðàçåí).

   

This project has been funded with support from the European Commission in its Lifelong Learning Programme 
(510028-LLP-1-2010-1-IT-COMENIUS-CMP). This publication reflects the views only of the authors, and the 
Commission cannot be held responsible for any use which may be made of the information contained therein. 
 

Modelling optical lenses with Dynamic Geometry Software 
Andreas Ulovec 

1 Introduction 
In optics when it comes down to show the path of rays of light through glass, lenses or systems of 
lenses, many physics teachers groan – the experiments are quite complex, and you need a lot of 
equipment. It is difficult enough to show a ray of light in air – you need smoke, dust or any other way 
of making light visible. To show the path of light in materials, you need special equipment – smoke 
glass lenses etc. Now that’s not always available, and adjustments to the system can usually only be 
done by removing one piece and putting another piece in. To see what happens if you make a lens 
thicker, you have to take out the current lens and put in the new one. Students can then observe the 
situation before the change and after the change – but it is not exactly a gradual change that lets them 
observe how the path of light actually changes. We want to demonstrate how you can show the path of 
light through a lens with the help of dynamic geometry software (DGS). 

This material can be useful for science teachers, who can use it to model experiments with lenses, 
reflection and refraction – not instead of the actual experiment (if one sees experiments only in 
simulation, the pedagogic value is not quite the same), but complementing it. It can as well be useful 
for mathematics teachers. Well, now where is the mathematics? There is a lot of it in there! If a ray of 
light hits the glass surface of an optical lens, a part of it gets reflected back in a certain angle, and 
another part penetrates the glass and continues there, in another angle. The same happens when the 
light reaches the other surface of the lens – again mathematics is required to calculate the angle in 
which the light is reflected and refracted. For ideal lenses, there is an easy equation calculating these 
effects – but this is just a model, and it does work well only with thin lenses and with light falling in 
near the centre of the lens. With thicker lenses and light being more off-centre, the calculations 
become more complex, and from the equations alone it would be difficult to see what happens. With 
DGS it is possible to simulate the properties of a lens without actually having to use a lens, laser light, 
etc. But even for the DGS, we need mathematics to create the simulation in the first place. 

2 Easy beginnings – light hits a plane surface 
2.1 Reflection 
When a ray of light hits a plane glass surface, a part of it is reflected. The law of reflection says that 
the angle of incidence (between the ray of light and the normal) is equal to the angle of reflection: 

 
Fig.1 Reflection of light at a plane surface. 



8

Ôèãóðà 6: ×åòèðèúãúëíèöè è òåîðåìà íà ÍàïîëåîíÈìàéêè ïðåäâèä ïîñëåäíîòî îáîáùåíèå íà òåîðåìàòà íà Íàïîëåîí ìîæå äà ñåïîñòàâè âúïðîñà äàëè å âúçìîæíî äà ñå ïîëó÷è ïðàâèëåí n-úãúëíèê ñëåä ïî-ìàëêîîò n − 2 ñòúïêè. Íàïðèìåð, â ñëó÷àÿ n = 4 ëåñíî ìîæå äà ñå ïðîâåðè ñ Geogebra, ÷åçà ïðîèçâîëåí ÷åòèðèúãúëíèê òîâà íå å âÿðíî (âèæ Ôèãóðà 6). Åòî çàùî å åñòåñòâåíâúïðîñúò çà îïèñàíèåòî íà n-úãúëíèöèòå, çà êîèòî ñå ïîëó÷àâà ïðàâèëåí n-úãúëíèêñëåä ïúðâàòà ñòúïêà. Çà ïðîèçâîëíî n îòãîâîðúò íà òîçè úïðîñ íå íè å èçâåñòåí, íîâ ñëó÷àÿ n = 4 òîé ñå äàâà â ñëåäíîòîÓïðàæíåíèå 4.1. Âúðõó ñòðàíèòå íà ÷åòèðèúãúëíèê âúíøíî ñà ïîñòðîåíè êâàäðà-òè. Äà ñå äîêàæå, ÷å:(à) Öåíòðîâåòå íà êâàäðàòèòå ñà âúðõîâå íà ÷åòèðèúãúëíèê ñ ðàâíè è ïåðïåíäè-êóëÿðíè äèàãîíàëè.(â) Öåíòðîâåòå íà êâàäðàòèòå ñà âúðõîâå íà êâàäðàò òîãàâà è ñàìî òîãàâà,êîãàòî ïúðâîíà÷àëíèÿò ÷åòèðèúãúëíèê å óñïîðåäíèê.Óïúòâàíå. Íåêà a, b, c, d ñà êîìïëåêñíèòå ÷èñëà, ñúîòâåòñòâàùè íà âúðõîâåòå íà÷åòèðèúãúëíèêà. Çà äà äîêàæåòå (à) èçðàçåòå êîìïëåêñíèòå ÷èñëà íà öåíòðîâåòå
M,N,P,Q íà êâàäðàòèòå ÷ðåç a, b, c, d è ïîêàæåòå, ÷å n− q = i(m− p). Çà (â) èçïîëç-âàéòå, ÷å MP ⊥ NQ çà äà çàêëþ÷èòå, ÷å MNPQ å êâàäðàò òî÷íî êîãàòî MN ‖ PQ.Ñåãà èçðàçåòå òîâà óñëîâèå ÷ðåç a, b, c, d.Íàêðàÿ ùå ðàçãëåäàìå åäíî îáîáùåíèå íà òåîðåìàòà íà Íàïîëåîí, ìîòèâèðàíî îòÓïðàæíåíèå 2.1 .Óïðàæíåíèå 4.2. Âúðõó ñòðàíèòå íà íåðàâíîñòðàíåí òðèúãúëíèê ñà ïîñòðîåíèâúíøíî ïðàâèëíè n-úãúëíèöè. Äà ñå äîêàæå, ÷å òåõíèòå öåíòðîâå ñà âúðõîâå íàðàâíîñòðàíåí òðèúãúëíèê ñàìî ïðè n = 3.Óïúòâàíå. Äîêàæåòå è ñëåä òîâà èçïîëçâàéòå �àêòà, ÷å êîìïëåêñíèòå ÷èñëà a, b, cñà âúðõîâå íà ðàâíîñòðàíåí òðèúãúëèê òîãàâà è ñàìî òîãàâà, êîãàòî a2 + b2 + c2 =
ab+ bc+ ca.
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lenses, many physics teachers groan – the experiments are quite complex, and you need a lot of 
equipment. It is difficult enough to show a ray of light in air – you need smoke, dust or any other way 
of making light visible. To show the path of light in materials, you need special equipment – smoke 
glass lenses etc. Now that’s not always available, and adjustments to the system can usually only be 
done by removing one piece and putting another piece in. To see what happens if you make a lens 
thicker, you have to take out the current lens and put in the new one. Students can then observe the 
situation before the change and after the change – but it is not exactly a gradual change that lets them 
observe how the path of light actually changes. We want to demonstrate how you can show the path of 
light through a lens with the help of dynamic geometry software (DGS). 

This material can be useful for science teachers, who can use it to model experiments with lenses, 
reflection and refraction – not instead of the actual experiment (if one sees experiments only in 
simulation, the pedagogic value is not quite the same), but complementing it. It can as well be useful 
for mathematics teachers. Well, now where is the mathematics? There is a lot of it in there! If a ray of 
light hits the glass surface of an optical lens, a part of it gets reflected back in a certain angle, and 
another part penetrates the glass and continues there, in another angle. The same happens when the 
light reaches the other surface of the lens – again mathematics is required to calculate the angle in 
which the light is reflected and refracted. For ideal lenses, there is an easy equation calculating these 
effects – but this is just a model, and it does work well only with thin lenses and with light falling in 
near the centre of the lens. With thicker lenses and light being more off-centre, the calculations 
become more complex, and from the equations alone it would be difficult to see what happens. With 
DGS it is possible to simulate the properties of a lens without actually having to use a lens, laser light, 
etc. But even for the DGS, we need mathematics to create the simulation in the first place. 

2 Easy beginnings – light hits a plane surface 
2.1 Reflection 
When a ray of light hits a plane glass surface, a part of it is reflected. The law of reflection says that 
the angle of incidence (between the ray of light and the normal) is equal to the angle of reflection: 

 
Fig.1 Reflection of light at a plane surface. 
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