
 

Funzioni definite a tratti 
 
Freyja Hreinsdóttir 

 
 

1 Introduzione 
 
In problemi applicativi  funzioni definite a tratti spesso sono usati. Per esempio: la funzione che descrive 
i prezzi di spedizione. Queste funzioni sono spesso usati per dimostrare i limiti e discontinuità. 
Utilizzando un software dinamico come GeoGebra è possibile studiare queste funzioni in modo più 
dettagliato e di utilizzare i cursori per esaminare come la loro definizione può essere modificata per 
creare funzioni continue, funzioni differenziabili, ecc 
 

2 Definire functioni su un intervallo in GeoGebra 
 
 In GeoGebra ci sono due modi per definire le funzioni di intervalli, utilizzando il comando Function  
oppure utilizzando il comando If. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.1 To define the function above we write If[x < 2, 2x, x^2] in the input field. 
 
 

Si puo scrivere Function [2x,-∞,2] e Function[x^2,2,∞] per ottenere il grafico stesso anche se questo 
comporta due funzioni in corso di definizione. Se Il comando ha il vantaggio che la derivata della 
funzione può essere calcolato direttamente. 
 
Se ci sono tre diversi intervalli If uno nidificato comando che può essere utilizzato ad esempio 

If[x < 2, x², If[x < 3, x + 2, 10 - x]] si vede nella figura sotto: 
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1 Introduction 
In optics when it comes down to show the path of rays of light through glass, lenses or systems of 
lenses, many physics teachers groan – the experiments are quite complex, and you need a lot of 
equipment. It is difficult enough to show a ray of light in air – you need smoke, dust or any other way 
of making light visible. To show the path of light in materials, you need special equipment – smoke 
glass lenses etc. Now that’s not always available, and adjustments to the system can usually only be 
done by removing one piece and putting another piece in. To see what happens if you make a lens 
thicker, you have to take out the current lens and put in the new one. Students can then observe the 
situation before the change and after the change – but it is not exactly a gradual change that lets them 
observe how the path of light actually changes. We want to demonstrate how you can show the path of 
light through a lens with the help of dynamic geometry software (DGS). 

This material can be useful for science teachers, who can use it to model experiments with lenses, 
reflection and refraction – not instead of the actual experiment (if one sees experiments only in 
simulation, the pedagogic value is not quite the same), but complementing it. It can as well be useful 
for mathematics teachers. Well, now where is the mathematics? There is a lot of it in there! If a ray of 
light hits the glass surface of an optical lens, a part of it gets reflected back in a certain angle, and 
another part penetrates the glass and continues there, in another angle. The same happens when the 
light reaches the other surface of the lens – again mathematics is required to calculate the angle in 
which the light is reflected and refracted. For ideal lenses, there is an easy equation calculating these 
effects – but this is just a model, and it does work well only with thin lenses and with light falling in 
near the centre of the lens. With thicker lenses and light being more off-centre, the calculations 
become more complex, and from the equations alone it would be difficult to see what happens. With 
DGS it is possible to simulate the properties of a lens without actually having to use a lens, laser light, 
etc. But even for the DGS, we need mathematics to create the simulation in the first place. 

2 Easy beginnings – light hits a plane surface 
2.1 Reflection 
When a ray of light hits a plane glass surface, a part of it is reflected. The law of reflection says that 
the angle of incidence (between the ray of light and the normal) is equal to the angle of reflection: 

 
Fig.1 Reflection of light at a plane surface. 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2 A function f(x) defined on three intervals. Its derivative g(x) is shown in red. The derivative is 
undefined at x = 2 and at x = 3. 

 
 

3 Sliders 
 
Utilizzando GeoGebra è molto facile per investigare l'effetto di modificare il valore di uno (o più) dei 
parametri che si verificano nella definizione di una funzione. Per definire un tale parametro selezionare lo 

strumento slider    . Quando ciò viene fatto apre una piccola finestra: 
 

 
 

Fig. 3 This window is used for setting the interval of the parameter etc. 
 

Dopo il slider b  è stato definito può essere utilizzata la definizione di una funzione, ad esempio , 
𝑓(𝑥) = 𝑥2 + 𝑏 e il suo valore può essere modificato usando il mouse. 
 

4 Usando sliders per definire funzioni continui 
 
Consideriamo il seguente problema: determinare i valori dei parametri a, b, c tali che la funzione 
 

𝑓(𝑥) =  �
𝑥 − 𝑎                    𝑠𝑒  𝑥 < −1
𝑥2 + 𝑏        𝑠𝑒 − 1 ≤ 𝑥 ≤ 3
𝑐 − 𝑥                    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

 
è continua.  
 
Questo si risolve mediante la definizione di tre cursori a, b, c ed utilizzando un nidificato Se comando per 
definire h (x). I cursori possono essere facilmente spostati per rendere la funzione continua. 
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Fig.1 Reflection of light at a plane surface. 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4 We change the definition of the function by moving the sliders. 
 

Se cambiare i valori di a, b, c i grafici muovono su e giù in modo è molto facile trovare valori 
tali che i grafici sono collegati. 
 
Quesito: Definire la funzione sopra in GeoGebra e trovare i valori appropriati dei cursori. Non si 
ottiene più di una soluzione? Risolvere il problema algebricamente. 
 
Una situazione più complicata si verifica se i parametri non solo hanno a che fare con la 
posizione del grafico, ma anche la sua forma. 
 
Quesito:  Definire la funzione 
 
 

𝑓(𝑥) =  �
𝑥 + 5                    𝑠𝑒  𝑥 < −1
𝑎𝑥2 + 𝑏        𝑠𝑒 − 1 ≤ 𝑥 ≤ 3
10 − 𝑥                    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

 
 
 
 
 
in GeoGebra e trovare i valori di a e b in modo tale che la funzione è continua. Risolvere il problema 
anche algebricamente. 
 

5 Funzioni Differenziabili 
Nei problemi come quelli di cui sopra è molto evidente che nei punti di collegamento si ottiene un angolo 
o una pausa nella funzione. Questo perché anche se la funzione è continua nei punti che non è 

differenziabile. La derivata della funzione f(x) in x = a e definite come limite del 𝑓(𝑎 + ℎ) − 𝑓(𝑎)
ℎ�  

quando  h tende a  0 e la funzione e’ differenziabile in x = a se il limite esiste.  Questo limite è la 
pendenza di una retta tangente al grafico di f(x) nel punto  (a, f(a) ). 
 
 
 
 
 
 
 
 
 
 
 

   

This project has been funded with support from the European Commission in its Lifelong Learning Programme 
(510028-LLP-1-2010-1-IT-COMENIUS-CMP). This publication reflects the views only of the authors, and the 
Commission cannot be held responsible for any use which may be made of the information contained therein. 
 

Modelling optical lenses with Dynamic Geometry Software 
Andreas Ulovec 

1 Introduction 
In optics when it comes down to show the path of rays of light through glass, lenses or systems of 
lenses, many physics teachers groan – the experiments are quite complex, and you need a lot of 
equipment. It is difficult enough to show a ray of light in air – you need smoke, dust or any other way 
of making light visible. To show the path of light in materials, you need special equipment – smoke 
glass lenses etc. Now that’s not always available, and adjustments to the system can usually only be 
done by removing one piece and putting another piece in. To see what happens if you make a lens 
thicker, you have to take out the current lens and put in the new one. Students can then observe the 
situation before the change and after the change – but it is not exactly a gradual change that lets them 
observe how the path of light actually changes. We want to demonstrate how you can show the path of 
light through a lens with the help of dynamic geometry software (DGS). 

This material can be useful for science teachers, who can use it to model experiments with lenses, 
reflection and refraction – not instead of the actual experiment (if one sees experiments only in 
simulation, the pedagogic value is not quite the same), but complementing it. It can as well be useful 
for mathematics teachers. Well, now where is the mathematics? There is a lot of it in there! If a ray of 
light hits the glass surface of an optical lens, a part of it gets reflected back in a certain angle, and 
another part penetrates the glass and continues there, in another angle. The same happens when the 
light reaches the other surface of the lens – again mathematics is required to calculate the angle in 
which the light is reflected and refracted. For ideal lenses, there is an easy equation calculating these 
effects – but this is just a model, and it does work well only with thin lenses and with light falling in 
near the centre of the lens. With thicker lenses and light being more off-centre, the calculations 
become more complex, and from the equations alone it would be difficult to see what happens. With 
DGS it is possible to simulate the properties of a lens without actually having to use a lens, laser light, 
etc. But even for the DGS, we need mathematics to create the simulation in the first place. 

2 Easy beginnings – light hits a plane surface 
2.1 Reflection 
When a ray of light hits a plane glass surface, a part of it is reflected. The law of reflection says that 
the angle of incidence (between the ray of light and the normal) is equal to the angle of reflection: 

 
Fig.1 Reflection of light at a plane surface. 



 
 

Fig. 5 Secant lines approaching the tangent line at a certain point 
 

Task: Demonstrate the above by defining the tangent to f(x) at x = 2 (using the tangent tool   ), 
defining a slider h and a line through the points (2+ h, f(2 + h )) and (2, f(2)) and then using the mouse 
to change the value of h and watch the secant approach the tangent. 

 
 

Below we describe how we can join two different quadratic functions to get a piecewise defined 
function that is both continuous and differentiable at the meeting point. 

 
Open a GeoGebra worksheet and define four sliders b, c, d and e . Define two quadratic functions 

and and find values of the sliders such that 
This ensures that the graphs of the two functions intersect at this point. Now use the tangent 

tool to get the tangents to both functions at the meeting point. 
 

 
 

Fig.6 The graphs intersect at the x = 1 but the tangents are not the same. 
 

If we now define a piecewise function h(x) such that we get the function 

below: 
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Fig.1 Reflection of light at a plane surface. 



 

 
 

Fig. 7 The function h(x) (black graph) is not differentiable at x = 1. 
 

To get the function h(x) to be differentiable we need to change the values of the sliders such that the 
tangents are the same. 

 

Task:  create  the  worksheet  above  and  find  values  of  the  sliders  such  that  the  function  h(x)  is 
differentiable at every point. 

 

 
 
 

Fig. 8 Here we have one solution to the problem. The function h(x) (pink graph) is differentiable 
everywhere. 
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Fig.1 Reflection of light at a plane surface. 



7 Connecting second and third degree polynomials 
 

We can make constructions similar to the ones above using other types of functions e.g. second and 
third degree polynomials as seen below. 

 
 

 
 

Fig. 9 
 

The functions f(x) and g(x) have a common tangent at the point A so we can define a differentiable 
function using pieces of f(x) and g(x) on intervals separated by x = 1. 

 

Task: make your own examples like this. 
 
 

6 Removing breaks 
 

We can use a similar method to redefine a function on a small interval in order to remove such a break 
in the graph of a function. 

 

 
 

Fig. 10 
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Fig.1 Reflection of light at a plane surface. 



 
 

Fig. 11 
 
 

We can define two points G and H on opposite sites of the break we want to remove and a point I on 
the line x = 4. We then use the command FitPoly[{G,I,H},2] to get a second degree polynomial that 
goes through these three points and the tangent tool to get a tangent to the graph of this polynomial at 
the point G. We then move the point I (it is fixed on the line x = 4) until this tangent coincides with the 
segment from ( 0,0 ) to (4,5). After removing help lines, changing colours etc we get the function 
below. 

 
 
 
 

 
 

Fig. 12 
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Fig.1 Reflection of light at a plane surface. 

http://www.geogebra.org/

