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An Olympic problem as a source of inquiry-based 
learning 

Steliana Atanasova 

119 High School Acad. Michail Arnaudov, Sofia, Bulgaria 

The problem under consideration was given at the XXVII Mathematics Olympiad, 1986, in Warsaw, 
Poland. Two years later it was proposed for further investigations with the language-based software 
Geomland [1] to me and my colleague Ms. Tanya Slavcheva  by our mentor Dr. Ivan Tonov as part of 
our diploma thesis [2]. Here is its formulation. 

The problem 

Let A and B be adjacent vertices of a regular N-sided polygon (P), N≥5, centered at the point O. The 

triangle XYZ, which is congruent to the triangle OAB and initially coincides with it, moves in the 

plane of the polygon in such a way that the points Y and Z remain on the boundary, while the point X is 

in the interior of P. Find the locus of X. 

From the results we observe on the computer screen we cannot draw an obvious conclusion. We can 
see a figure resembling a "snowflake". In other words, the set of points traced out by the point X 
consists of N segments with common end point O, the center of the polygon. Each segment points 

from point O towards the polygon’s edge whose number  is  - for an even N, and perpendicular to 

the segment between point O and the polygon’s edge whose  number  is   for an odd N. Moreover, 

the point X moves away from point O a certain distance along the respective segment, after which it 
starts moving towards the point O. 

 

Many of the students encounter difficulty understanding the motion, when described as above. This is 
where the dynamic geometry software provides great help in visualizing the process. 

These observations can lead to the discovery of other relationships between the geometric objects: 

1. One can note that the number of segments forming the "snowflake" equals the number of 
edges of the polygon, and that adjacent segments meet at an angle equal to the central angle of 
the polygon. 

2. An increase of the number of edges of the polygon leads to a decrease of the length of the 
segments forming the "snowflake". 

3. The question concerning the length of a "snowflake" segment arises naturally, i.e., we would 
like to find when the point stops going away from the center and turns back. 
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1 Introduction 
In optics when it comes down to show the path of rays of light through glass, lenses or systems of 
lenses, many physics teachers groan – the experiments are quite complex, and you need a lot of 
equipment. It is difficult enough to show a ray of light in air – you need smoke, dust or any other way 
of making light visible. To show the path of light in materials, you need special equipment – smoke 
glass lenses etc. Now that’s not always available, and adjustments to the system can usually only be 
done by removing one piece and putting another piece in. To see what happens if you make a lens 
thicker, you have to take out the current lens and put in the new one. Students can then observe the 
situation before the change and after the change – but it is not exactly a gradual change that lets them 
observe how the path of light actually changes. We want to demonstrate how you can show the path of 
light through a lens with the help of dynamic geometry software (DGS). 

This material can be useful for science teachers, who can use it to model experiments with lenses, 
reflection and refraction – not instead of the actual experiment (if one sees experiments only in 
simulation, the pedagogic value is not quite the same), but complementing it. It can as well be useful 
for mathematics teachers. Well, now where is the mathematics? There is a lot of it in there! If a ray of 
light hits the glass surface of an optical lens, a part of it gets reflected back in a certain angle, and 
another part penetrates the glass and continues there, in another angle. The same happens when the 
light reaches the other surface of the lens – again mathematics is required to calculate the angle in 
which the light is reflected and refracted. For ideal lenses, there is an easy equation calculating these 
effects – but this is just a model, and it does work well only with thin lenses and with light falling in 
near the centre of the lens. With thicker lenses and light being more off-centre, the calculations 
become more complex, and from the equations alone it would be difficult to see what happens. With 
DGS it is possible to simulate the properties of a lens without actually having to use a lens, laser light, 
etc. But even for the DGS, we need mathematics to create the simulation in the first place. 

2 Easy beginnings – light hits a plane surface 
2.1 Reflection 
When a ray of light hits a plane glass surface, a part of it is reflected. The law of reflection says that 
the angle of incidence (between the ray of light and the normal) is equal to the angle of reflection: 

 
Fig.1 Reflection of light at a plane surface. 



4. One might also be interested in the angle between the segment XY and the side of the polygon 
containing Y, as well as the angle between the segment XZ and the side of the polygon 
containing Z at the moment when X is the farthest away from O. It turns out that both of these 
angles are right.  

As suggested by the experiments, the vertices of the "snowflake" can be constructed by intersecting a 
line passing through a vertex and the center of the polygon, and a line parallel to the edge containing 
the point Y, which is a distance R (towards the center) from the point Y. 

Although the problem was posed for N≥5 the construction discussed here allows us to experiment with 
the cases N=4 and N=3 as well. While the case N=4 leads to the same conclusions, in the case N=3 
one can observe that when Y moves along one side of the triangle (e.g., AB), Z moves along the 
continuation of the adjacent side BC, reaching a certain point and then coming back at C. Moreover, 

the maximum length of the "snowflake" segment is again achieved when the segment XY is 
perpendicular to AB. However, unlike for N≥5, the segments are not traced out twice. 

        

These are in fact new problems, even though the implementation of the solution strategy is the same. 
Moreover, the experiments lead us to new problems. For example, in the case N=3 we can pose the 
following problem: 

A modified problem 

Let A, B and C be the vertices of an equilateral triangle, and O be its center. A triangle XYZ, 

congruent with OAB, starts out in the following position: X is outside the triangle ABC, Y=A, Z=C. 

The triangle XYZ moves as follows – the point Y traces out the sides of the triangle ABC, while the 

point Z traces out the extensions of the triangle sides, adjacent to the sides containing Y. Find the 

locus of X. 

The solution to this problem is analogous to the solution of the original problem. The length of each of 
the "snowflake's" three segments is equal to the radius R of ABC's circumcircle. 

Naturally, one is curious about the following experiments. 

Experiment 1. In the case N=3, the triangle XYZ moves from its initial position X=O, Y=A, Z=C as 
follows. The point Y traces out the sides AB, BC, and CA of the triangle ABC, while the point Z 
moves along the continuations of the sides BC, CA, and AB, respectively.  

After performing the above experiment, one can see that the set of points traced out by the point X, 
consists of three arcs of the circles centered at the vertices of the triangle ABC, of radius R (where R is 

the radius of ABC's circumcircle). Each of the arcs has arc length . 
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Fig.1 Reflection of light at a plane surface. 



 

In the case N=4, the triangle XYZ moves from its initial position X=I4, Y=A, Z=B, where I4 is the 
point symmetric to the center of the square ABCD with respect to AB, as follows. The point Y traces 

out the sides AB, BC, CD, and DA of ABCD, while the point Z moves along BC, CD, DA, and AB, 
respectively. The set of points traced out by the point X consists of segments, passing through the 
square's vertices and parallel to and equal in length with its diagonals. 

In the case N≥5, the initial position of the triangle XYZ is as for the case N=4. The set of points traced 
out by the point X consists of parts of higher degree curves.  In general, with the exception of the case 
N=3, the set of points is traced out in a continuous way.  

Experiment 2. In the case N=3, the triangle XYZ starts its motion from initial position X=O, Y=A, 
Z=B.  The point Y traces out the sides AB, BC, and CA of the triangle ABC, while the point Z moves 
along the extensions of the sides BC, CA and AB, respectively. Unlike in Experiment 1, Z moves 
along the ray staring at B, C, and A, respectively, away from the triangle sides. 

The set of points traced out by the point X, consists of three segments, each of which has length 2R. 
Here R is the radius of ABC's circumcircle. The center O of the triangle is one of the end points of 
each of the segments, the other end points are the symmetric points of the vertices of ABC with 
respect to O. 

 

Analogously, in the case of a square, in this experiment, the set of points traced out by X consists of 
four segments of length 2R, where R is the radius of the square ABCD's circumcircle.  The center O of 
the square is one of the end points of each of the segments, the other end points are the symmetric 
points of the vertices of ABCD with respect to O.  

In the case N=5, 6, 7, etc., the motion of the triangle XYZ is as in the previous two cases.  The set of 
points traced out by X consists of the center O of the polygon and N segments of length 

. Each of the segments lies along a line through the point O and a vertex of the 

polygon. For each of the segments, one of the end points is a distance  from the center O, and 

the other is the point, symmetric to O with respect to the corresponding vertex. 

What stays the same in this experiment for various values of N? 
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Fig.1 Reflection of light at a plane surface. 



 The segments, which constitute the set of points traced out by X, are traced out only once, 
unlike in the case of the original problem. 

 The point Z moves in such a way that it traces out segments along the extensions of the 
respective sides of the polygon. Moreover, these segments are traced out twice. 

 The point X is the farthest away from the center when the segment XY is perpendicular to the 
side containing Y. 

 The set of points is always traced out in a discrete way. In the cases N=3 and N=4 the set is 

connected, while in the cases N=5, 6, 7, etc., the set of interest consists of the center O of the 
polygon and segments with empty intersection. 

Experiment 3.  In the case N=3, the triangle XYZ  starts its motion from initial position  Y=A, Z=B, 

and X coincides with the point symmetric to the center O with respect to AB.  The point Y traces out 

the sides AB, BC, and CA of the triangle ABC, while the point Z moves along the extensions of the 

sides BC, CA, and AB, respectively. Unlike in Experiment 1, Z moves along the ray starting at B, C, 

and A respectively, away from the triangle sides.  

The set of points traced out by the point X, consists of three arcs of a circle, each of which has length 

 and lies on a circle centered at one of the vertices of ABC, of radius R. Here R is the radius of 

ABC's circumcircle. Using a dynamic geometry software, one can show that the starting point of each 

arc belongs to a circle containing one of the other arcs. 

             

In the case N=4, the triangle XYZ starts its motion from initial position Y=A, Z=B, and X coincides 
with the point symmetric to the center O of the square ABCD with respect to AB.  The motion of the 
points Y and Z is analogous to the motion described in the previous experiment.  

The set of points traced out by X consists of four segments of length , lying on lines parallel 

to the square's diagonals. Moreover, these segments are traced out twice. The starting point of each 
segment belongs to a line containing another one of these segments. The point X is the farthest away 
from the center when the segment XY is perpendicular to the side containing Y. This is how one finds 
the length of the segment. 

In the case N≥5, the set of points traced out by X consists of N curves.  

 

   

This project has been funded with support from the European Commission in its Lifelong Learning Programme 
(510028-LLP-1-2010-1-IT-COMENIUS-CMP). This publication reflects the views only of the authors, and the 
Commission cannot be held responsible for any use which may be made of the information contained therein. 
 

Modelling optical lenses with Dynamic Geometry Software 
Andreas Ulovec 

1 Introduction 
In optics when it comes down to show the path of rays of light through glass, lenses or systems of 
lenses, many physics teachers groan – the experiments are quite complex, and you need a lot of 
equipment. It is difficult enough to show a ray of light in air – you need smoke, dust or any other way 
of making light visible. To show the path of light in materials, you need special equipment – smoke 
glass lenses etc. Now that’s not always available, and adjustments to the system can usually only be 
done by removing one piece and putting another piece in. To see what happens if you make a lens 
thicker, you have to take out the current lens and put in the new one. Students can then observe the 
situation before the change and after the change – but it is not exactly a gradual change that lets them 
observe how the path of light actually changes. We want to demonstrate how you can show the path of 
light through a lens with the help of dynamic geometry software (DGS). 

This material can be useful for science teachers, who can use it to model experiments with lenses, 
reflection and refraction – not instead of the actual experiment (if one sees experiments only in 
simulation, the pedagogic value is not quite the same), but complementing it. It can as well be useful 
for mathematics teachers. Well, now where is the mathematics? There is a lot of it in there! If a ray of 
light hits the glass surface of an optical lens, a part of it gets reflected back in a certain angle, and 
another part penetrates the glass and continues there, in another angle. The same happens when the 
light reaches the other surface of the lens – again mathematics is required to calculate the angle in 
which the light is reflected and refracted. For ideal lenses, there is an easy equation calculating these 
effects – but this is just a model, and it does work well only with thin lenses and with light falling in 
near the centre of the lens. With thicker lenses and light being more off-centre, the calculations 
become more complex, and from the equations alone it would be difficult to see what happens. With 
DGS it is possible to simulate the properties of a lens without actually having to use a lens, laser light, 
etc. But even for the DGS, we need mathematics to create the simulation in the first place. 

2 Easy beginnings – light hits a plane surface 
2.1 Reflection 
When a ray of light hits a plane glass surface, a part of it is reflected. The law of reflection says that 
the angle of incidence (between the ray of light and the normal) is equal to the angle of reflection: 

 
Fig.1 Reflection of light at a plane surface. 



    

Experiment 4. Let us consider the set of centroids of the triangle XYZ. In the case N≥4 the initial 

position of XYZ  is Y=A, Z=B,  and X=O  and its motions is as described in the main problem. In the 

case N=3, the initial position of XYZ is Y=A, Z=C, X is symmetric to O with respect to AC.  The 

point Y traces out the sides AB, BC, and CA of the triangle ABC, while the point Z moves along the 

continuations of the sides BC, CA and AB, respectively. Z moves along the ray staring at B, C, and A 

respectively, away from the triangle sides. 
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Fig.1 Reflection of light at a plane surface. 



Thus an “old” problem explored first by programming in Geomland, and recently by means of 

GeoGebra [3] illustrates how to overcome some problems when teaching the notion of locus. While in 

the traditional classes my students have rarely been able to understand it in depth, observing the 

behavior of the moving point has enhanced both their understanding of loci-related problems and their 

self-confidence to explore further – to formulate new conjectures, to ask new questions and to enrich 

their knowledge in geometry.  
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