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1 Short introduction
We continue our study of some properties of periodic triangles on billiard tables with the fol-
lowing argument presented on page 170 in [1]:

”Next we ask for the triangle of maximum length inscribed in a C(C is a curve on a plane).
Evidently at least one such triangle will exist, and can have no degenerate side of length 0.
At each of its vertices the tangent will of course make equal angles with the two sides passing
through the vertex. Hence a ’harmonic triangle’ is obtained which will correspond to two distinct
motions, one for each of the two possible senses of description. Moreover, if we seek to vary this
triangle continuously, not changing the order of its vertices and diminishing the perimeter as
little as possible, so as finally to advance the vertices cyclically, we discover a second harmonic
triangle, also corresponding to two periodic motions. ”

2 Explicit examples of concrete harmonic triangles
As a simplest case we choose the ellipse

e :
x2

a2
+

y2

b2
= 1. (1)

and take the point A0 ∈ e on the y− axis, i.e. A0(0, b) (see Figure 1).

Following the construction suggested by Birkhoff ([1]) one can find the triangle △ A0A1A2 with
maximal perimeter inscribed in e.

Figure 1: Harmonic triangle with A0(0, b).

In [5] we found explicit expressions for the coordinates of the points A1(x, y), A2(−x, y).

Recalling the assertion of Theorem 1 in [5], one can see that if △ A0A1A2 is periodic, then its
caustic is a confocal ellipse, say

e1 :
x2

a21
+

y2

b21
= 1. (2)
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1 Introduction 
In optics when it comes down to show the path of rays of light through glass, lenses or systems of 
lenses, many physics teachers groan – the experiments are quite complex, and you need a lot of 
equipment. It is difficult enough to show a ray of light in air – you need smoke, dust or any other way 
of making light visible. To show the path of light in materials, you need special equipment – smoke 
glass lenses etc. Now that’s not always available, and adjustments to the system can usually only be 
done by removing one piece and putting another piece in. To see what happens if you make a lens 
thicker, you have to take out the current lens and put in the new one. Students can then observe the 
situation before the change and after the change – but it is not exactly a gradual change that lets them 
observe how the path of light actually changes. We want to demonstrate how you can show the path of 
light through a lens with the help of dynamic geometry software (DGS). 

This material can be useful for science teachers, who can use it to model experiments with lenses, 
reflection and refraction – not instead of the actual experiment (if one sees experiments only in 
simulation, the pedagogic value is not quite the same), but complementing it. It can as well be useful 
for mathematics teachers. Well, now where is the mathematics? There is a lot of it in there! If a ray of 
light hits the glass surface of an optical lens, a part of it gets reflected back in a certain angle, and 
another part penetrates the glass and continues there, in another angle. The same happens when the 
light reaches the other surface of the lens – again mathematics is required to calculate the angle in 
which the light is reflected and refracted. For ideal lenses, there is an easy equation calculating these 
effects – but this is just a model, and it does work well only with thin lenses and with light falling in 
near the centre of the lens. With thicker lenses and light being more off-centre, the calculations 
become more complex, and from the equations alone it would be difficult to see what happens. With 
DGS it is possible to simulate the properties of a lens without actually having to use a lens, laser light, 
etc. But even for the DGS, we need mathematics to create the simulation in the first place. 

2 Easy beginnings – light hits a plane surface 
2.1 Reflection 
When a ray of light hits a plane glass surface, a part of it is reflected. The law of reflection says that 
the angle of incidence (between the ray of light and the normal) is equal to the angle of reflection: 

 
Fig.1 Reflection of light at a plane surface. 



The equation (6) shows now that the condition that e and e1 are confocal, i.e. have the same
foci F1 and F2 can be expressed by

a2 − b2 = a21 − b21. (3)

We shall suppose the e1 is inside e so we have

a > b > 0, a1 > b1 > 0, a > a1, b > b1.

Recall some of the results in [5].

Lemma 1. (see [5]) Given an ellipse e1 : x
2/a21 + y2/b21 = 1 one can express the necessary and

sufficient condition such that the line y = kx + b through the point A0(0, b) is tangent to e1 as
follows

k = ±b2 − b21
a21

.

Lemma 2. (see [5]) Given an ellipse e1 : x2/a21 + y2/b21 = 1 and the point A0(0, b) denote by
t1, t2 the tangent lines from A0 to e1 and by A1, A2 the points of the intersection of these tangent
lines with the ellipse e : x2/a2 + y2/b2 = 1, such that A1(x, y), x < 0, A2(−x, y). Then we have

x =
2a2a1b

√
b2 − b21

a21b
2 + a2(b2 − b21)

= − 2bka2

b2 + a2k2
,

y = −M, M =
a2b(b2 − b21)

a21b
2 + a2(b2 − b21)

=
b(b2 − a2k2

b2 + a2k2
.

From the relation M = b1 one can find a1, b1 taking into account the fact that e and e1 are
confocal.

Lemma 3. Given an ellipse e1 : x
2/a21 + y2/b21 = 1 and the point A0(0, b) let A1(x1, y1), x1 < 0,

A2(x2, y2), x2 > 0 are the points determined in Lemma 2. Then A1A2 is tangent to e1 if and
only if

a1 =
a(
√
a4 − a2b2 + b4 − b2)

a2 − b2
,

b1 =
b(a2 −

√
a4 − a2b2 + b4)

a2 − b2
.

Proof. The relation M = b1 is equivalent to

b(b2 − a2k2

b2 + a2k2
= b1.

This can be rewritten in the form

b2(b− b1)− a2k2(b+ b1)

so using Lemma 1 we get

b2(b− b1)−
a2(b− b1)(b+ b1)

2

a21
= 0.
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From b ̸= b1 we simplify

b2 − a2(b+ b1)
2

a21
= 0

or
a21b

2 = a2(b+ b1)
2

and this means that
a1b = a(b+ b1).

This relation and the fact that e, e1 are confocal leads to the system{
a1b = a(b+ b1),
a21 − b21 = a2 − b2.

(4)

This system has unique solution a1 > 0, b1 > 0 determined by

a1 =
a(
√
a4 − a2b2 + b4 − b2)

a2 − b2
,

b1 =
b(a2 −

√
a4 − a2b2 + b4)

a2 − b2
.

This completes the proof of the Lemma.

One can introduce the quantity

s =
b

a
∈ (0, 1). (5)

Then we have the following representation formulas for a1, b1

a1 = a
(
√
1− s2 + s4 − s2)

1− s2
,

b1 = b
(1−

√
1− s2 + s4)

1− s2
.

One can try to change the point A0 choosing A0(a, 0) ( see Figure 2).

Exercise 1. Given an ellipse e1 : x
2/a21+y2/b21 = 1 one can express the necessary and sufficient

condition such that the line y = kx− ka through the point A0(a, 0) is tangent to e1 as follows

k = ±b2 − b21
a21

.

Exercise 2. Given an ellipse e1 : x2/a21 + y2/b21 = 1 and the point A0(a, 0) denote by t1, t2 the
tangent lines from A0 to e1 and by A1, A2 the points of the intersection of these tangent lines
with the ellipse e : x2/a2 + y2/b2 = 1, such that A1(x, y), x < 0, A2(x,−y). Then we have

x = −2a(k2 − b2)

b2 + a2k2
,

y =
2ab2k

b2 + a2k2
.
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Fig.1 Reflection of light at a plane surface. 



Figure 2: Harmonic triangle with A0(a, 0).

Following the proof of Lemma 3 one can solve the following exercise.

Exercise 3. Given an ellipse e1 : x
2/a21+y2/b21 = 1 and the point A0(0, b) let A1(x1, y1), x1 < 0,

A2(x2, y2), x2 > 0 are the points determined in Lemma 2. Then A1A2 is tangent to e1 if and
only if

a1 =
a(
√
a4 − a2b2 + b4 − b2)

a2 − b2
,

b1 =
b(a2 −

√
a4 − a2b2 + b4)

a2 − b2
.

3 Perimeter of concrete harmonic triangles
In the simplest case of the ellipse

e :
x2

a2
+

y2

b2
= 1. (6)

and point A0 ∈ e on the y− axis, i.e. A0(0, b) (see Figure 1) we have explicit formulas for
A1(x, y), A2(−x, y)

x = − 2bka2

b2 + a2k2
,

y = −M, M =
b(b2 − a2k2

b2 + a2k2
,

obtained in Lemma 2. The perimeter of the triangle △ A0A1A2 is

P1 = 2
√

x2 + (y − b)2 + 2|x| =

=
4a2b|k|

√
k2 + 1

b2 + a2k2
+

4b|k|a2

b2 + a2k2
.

Lemma 1 can be used to find the expression for P1 and to prove the following.
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Lemma 4. Given an ellipse e1 : x
2/a21 + y2/b21 = 1 and the point A0(0, b) let A1(x1, y1), x1 < 0,

A2(x2, y2), x2 > 0 are the points determined in Lemma 2. Then the perimeter P1 of the triangle
△ A0A1A2 is given by

P1 =
4a2b(a+ a1)

√
a2 − a21

b2a21 + a2(a2 − a21)
.

Moving the point A0 so that A0(a, 0) we can prove the next

Lemma 5. Given an ellipse e1 : x
2/a21+ y2/b21 = 1 and the point A0(a, 0) let A1(x1, y1), x1 < 0,

A2(x2, y2), x2 > 0 are the points determined in Exercise 2. Then the perimeter P2 of the triangle
△ A0A1A2 is given by

P2 =
4ab2(b+ b1)

√
a2 − a21

b21a
2 + b2(a2 − a21)

.

Exercise 4. Show that S1 = S2.

Hint. Use (5).
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